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Preliminary material
(mathematical
requirements)

Vector algebra: Vector Calculus: \%Q
" . %9
Addition; Subtraction; Differentiation; Int@tion
Multiplication Q\‘
A
Vector: A quantity with both magnitude and direction.\@orce F =10V to the
east). Q&V‘
(.)

Q
Scalar:A quantity that does not posses directior&@%l or complex. (Temperature

7 =20°. /\';2>\§\
Vector addition: §§\\.’
N\
1) Parallelogram: f{)—?’

Q\‘
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Vector Subtraction:

A

Multiplication by scalar: B=k A

_ B =0.5A &

B=2A %,{)—,
N

A .

2 e,
S
<
%’b
N
QQ\\‘“
%Q\, (r+sA+B)=rHA+B)+s5(A+B)=rA+ B +sA+sB

Q

X
QX Commulative law: A+B=B+ A

> Associative law: (A +B)+C=A+(B+C)

» Equal vectors: A =B if A—B =0 (Both have same length and direction)

» Add or subtract vector fields which are defined at the same point.

» If non vector fields are considered then vectors are added or subtracted
which are not defined at same point (By shifting them)
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THE RECTANGULAR COORDINATE SYSTEM

Yy
Xx,y,z are coordinate Right Handed System
variables (axis) which are
mutually perpendicular. . > X
z D
D o
N\
Out of page Q&$~Q
NG
z Qv
z=3 %Q\\r

A point is located by its x, y <_§> P(1,2,3)

] %rb‘ \? /=7
and z coordinates, or as the Q§ ;
intersection of three constant ;&‘\ | y=2 _ y
surfaces (planes in this case) \\;\/ N

%Q x=1/_________
9
NS
S«
>
&
N
&
o A
(
V\Q\\}
9
5 =0pl
%'b T plane
™ -0 pl
N FTEPRE L Origin
» -
S
j:’j z= 0 plane
¥
(a)
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Z=3
surface

(plane)

Three mutually perpendicular surfaces intersect at a common point

AN\
N
o
\\,;\ f: _P(1.23)
S :
S |
\%’fp oe.-21 |
Qv Rt » | »
;/ /’ I
//
(&)
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Increasing each coordinate variable by a differential amount dx, dy,
and dz, one obtains a parallelepiped.

P(x+dx,y+dy,z+dz)

P(x,y,2z)

X
|
Velume = dx dy dz
dx dy dz
B ~.
| dy dz A dx dz
A dy
W ,
9
NG /
N /

Differential volume: dv = dxdydz
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Differential Surfaces: Six planes with dierential areasds = dxdy; ds = dzdy
ds = dxadz

Differential length: from P to P’ d/ = \/ (ax) +(ay) +(dz)

VECTOR COMPONENTS AND UNIT VECTORS
ol
A general vector r may be written as the sum of three vectors; \Q\\;
)
Projection of -
F into z-axis _ . S
z=3 . o
= %
L PL23) Y
C * X

Projection of /‘\ .
F into x-axis .

Projection of

v %’{53 F into y-axis
Q\'
F=A+B+C

A,B, and C arevec’tzgicomponentswith constant directions.
: ’ %’S?% ; . . : .
Unit vectors ag\ ,» and a, directed along x, y, and z respectively with unity
N\ .
length and @}lmensmns.

NS
st

S
N
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. ,. V4
aX/ Taz —Péy
| 4
ay—> 3
éy
4 5 > " o
z ax Q'
I A \VX
— ay rg)QJ
X . .\Q\‘
V\QQ
9N
So, the vector r = A + B + C may be written in termgﬁ? unit vectors as:
\.
r=A+B+C =Aa_&Ba, +Ca,
Ved% c?n@nents & 6409/n nents
A,B,C W 4,8,C
/ / é / /
&
Where: NS
N \
A is the directed Iengt@s}}signed magnitude of A.
M)
B is the directed Iq_)eg}h or signed magnitude of B.
Q
C is the direct@ﬁangth or signed magnitude of C.
n
As a simple\\%&%rcise, letr, point from origin (0,0,0) to P(1,2,3),
then \§‘Q
'Z‘PQ'
N r, =14, + 24, + 34
Q\‘ P X y z

Scalar components of F, are:

fo:A=1;rPy:B:2;er=C:3'

Chapter One
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If Q(2,-2,1) then

r,=2a, -2a, +a,

D

which is given by \QQ/'\'}}

o =(2-1)a, +(-2-2)a, +(1-3)4, =4, - 48, 24, ¥
&

[

And the vector directed from P to Q, Fpp =Fp — ),

e
The vector I‘,;.@%rmed position vector which is directed from the origin toward
the point in sion.
M)
év

S
N
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Other types of vectors (vector fields such as Force vector) are denoted:

F-F &, +Fa, +Fa,

Where FX/Fy/ F, are scalar components, and £, a)(/Fy ayle a, are the

vector components.

) : " D
The magnitude of a vector B = B, a, +By a, +B,4a, is; \\:,\3}
O
N
s-B- BT BT E) &
AVY
A unit vector in the direction of B is; /\r}} !
R
X B
&
W
A
. B B,a+Ba<Ba> X
a = ﬂ - 2 Q\z
V8. + (8, +8.)
S5
LetB=8,a, +B8,a +Bg§\ and A=A &, +A & +Aa4a, then

A+B-= (Qg}\\s)a +(4, +B,)a, +(4 +B,)a,

A- %%”E’A ~B,)a, +(A -B)a, +(4 -B,)a,
N
Ex: Spemfy@/\e unit vector extending from the origin toward the point G(2,-2,-1).
Ex: Glt_)@\ét?]\/l( 1,2,1), N(3,-3,0) and P(-2,-3,-4) Find:
Q

@) Ry
Q(b) Ruv + Ry

©) |ry]

(d) a,
(e) |2r, —3r,|
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(©)

N
THE VECTOR FIELD AI\{Q@CALAR FIELD

)
Vector Field: vector function of%b?)osition vector F. It has a magnitude and
direction at each point in spac%Q\‘
;b.\ \
v(r)=v, (r)\%,\;\* v,(F)a, +v,(r)a,
Yy

- v@y,z)éx +v,(x,y,2)a, +v,(x,y,z)a,
&

=

Velocity or air flow in a pipe

Chapter One
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Scalar field: A scalar function of a position vector r. Temperature is an
example [T(r) =T(x,y, z)] which has a scalar value at each point in space.

Ex:A vector field is expressed as %r{;)

= 125 \Q\-i- -2)a, +(z+1)a
S_(x—1)2+(y—2)2+(z+1)2[(Xg,\,lg@x (v-2)8, +(z+1)a.]
N

(@) Is this a scalar or vector field? g\
(b) Evaluate S @ P2,4,3). &
(c) Determine a unit vector tlﬁ}gives the direction of S @ P(2,4,3).
(d) Specify the surface ﬁ@&)}, z) on which [S| =1.

@Q
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THE DOT PRODUCT
A «B =|AB|cos(6,; )

Which results in a scalar value, and 6, is the smaller angle between A and B.

Projection of B into A

Projection of A int

N
=|A| cos(@%
Q¥

-
(6\\1‘
A<B=B.A since \AHB\@M = [BJA| cos(6,5 )

=la,/a @3&(0 L) =1
ea, —@;ﬁ |cos(0) = (1)1)1) =
§§§'—\a &,| cos(0) = (1)1)1) =1

§ -a, =la a, ‘C05(900) (1)1 0)=0=a, «a,
a, ea, = \«'?u (90°)=(1)1)0)=0=4a, e 4,
a, ea, -ja )= (1)1)0)=0 a,
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LetB=B,a,+B,a,+B.a, and A=A a +Aa +Aa,,then

AeB=AB, +AB, +AB,
AeA=A+ A+ A =N =A=A=VAeA

The scalar component of B in the direction of an arbitrary unit vec\@r
a, isgiven by Bea, P

D

Scalar Projection o (?nto a P

Q\‘
- ’B‘Wi@gmﬂ
The vector componen&ﬁ B in the direction of an arbitrary unit vector

a, is given by (B.%)%)Eﬂ_
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3
. V\‘Q\\}
<
N
Vector Projection of B into @, Q-
. L A
-B-3a,ja, gg\\;\’
QE\
Distributive property: Ae(B+C)=AeB+Ae cgb
A
Ex: Given E=ya, —2.5xa, +3a,.apd Q(4,5,2) Find:
\Q
(@) E@Q. N

(b) The scalar compone@ of E @ Q in the direction of
;(Za +a /\,&g )

(c) The vector \Q§}\hponent of E @ Q in the direction of
A PR "
a, =1%§§§"+a —2a)

(d) The\gﬁjle 6., between E(I'Q) and a,
V\Q\\)

9

(_‘)

Q
N
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THE CROSS PRODUCT
AxB=|A||B|sin(0, )4, results in a vector
|AxB| =|A|[B] sin(0,;)

Directionof AxB=4,
N
a, is a unit vector normal to the plane containing A and B‘é\ﬁce

there are two possible a,’'s, we use the Right Hand Rule{RHR) to

T
determine the direction of AxB. Q\§b

Cross product clearly results in a vector, and 6, | ﬁ,%‘smaller angle
between A and B.

\\::\;z} |A[B| 5i7(6,5)
NN
Q§ Is the area of the
%’f}" parallelogram
& —AxB
Properties:
AxB=-BxA

AxB+C)=AxB+AxC

[
o))
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(AxB)xC = Ax(BxC)
a, xa, =[a,|a,|sn(0)a, =0 Y e
éyxéy = éy ‘éy‘SI'/?(O)én =0 Zi__’)(
az X éz = éz éz“s./h(o)én =0 Otéage
a,+a, =[a |3, |sn(00°, - (1N1N1)A, - &, >

@QJ
a,+4,=[a,|a,sn00°k, = LN1))4, = -4, -

.\§\
A a lalla | . s __a 0%
a,6ea, = ‘ayHaX‘S/n(%o)an -([1)1)1)a, =-a V\@
9

a,e4a,=[aJa,sn(o0°), = 1)N1)L)A, a @’

4,4, =a,@a,sn(0°), (1)(1)(1)a é;?a‘

a,+4, =aa,|sn(00°)a @b)a

LetB=5B,a, +B,a +Ba8§andA Aa,+Aa, +Aa,,then

Q
X, & a
AXB=|N@9(9AB)én=AX A A
§Q\ BX By Bz
/'\/’&tAyBZ Asz)éX _( sz _AzBX)ay +(/4 B A B
N
<
%’Z}
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CIRCULAR CYLINDRICAL COORDINATES

p, 0,z are coordinate variables

which are mutually
perpendicular.

Remember polar coordinates
(The 2D version)

x = pcos(p)
y =psin(p)

o 1S measured from x-axis
toward y-axis.

N
Including the z-coordinate, we obtain\/@\ cylindrical coordinates (3D
version) N\
NN
&
N\
A point is . Q\‘z

. \ P(x=1y=2,z=3)o
located by its A 4 (x=ly=2z=3)or

p,o and z g@ z=3| [-’ P(p=-5,9=634°,2z=3)
coordinates. NG T

Orasthe <™
intersectior:\; '
three Ily P o
orthogonal x=1/__________N .

> .
S T%ces.
S

\
\
> \<
I
N
v
<

[
~N
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z=2z
surface d Plp,, o, 2,)
(plane) A
|
p= Pl/ : (plane)
surface P | R |
. I/’ | |
(cylinder) ! " _ : .y
\ pl b I
Q’ A5 ~ |
N Teeld
4
L’Q’%
N
X ’\'.,b\%\

1) Infinitely | %g%ylmder of radius p = p,.
2) Semi- mﬁ@t plane of constant angle ¢ = ¢, .

3) Inflnlj\e,sbl‘ane of constant elevation z = z,.

Em——
\A — e,
N
@"%
Qv
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: > : L : ,
The three unit vectors a,, é(p@% a are in the direction of increasing

variables and are perpenflicular L to the surface at which the
coordinate variable is co{&a\nt.
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(p1:P1,21)

Note that in Cartesian coordinates, un%ﬂl}:ctors are not functions of
coordinate variables. But in cyllndrl coordinates a,, anda,6 are

functions of ¢. %Q\\’

N
o

Chapter One
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Increasing each coordinate variable by a differential amount dp, dp,
and dz, one obtains:

4 .
ododp = area 4 A

B

\Q\\{
Note that p and {ggg’e lengths, but ¢ is an angle which requires a
metric coeﬁici%{& convert it to length.

B
27 arclength = p do
N -
Y me_tr_lc
%,{)-,Q' coefficient
Q‘\‘

Chapter One
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ds = pdpdz
<

»'I
&
|
ho)
QA
3
%y

ds = pdpd. .
papdp @\\,
&
NS
o
> ) .\§\
AP

N

S

k /‘ N
I

\Q\\.'

s‘Z&
XS

Differential Surfaces: Six %s with dierential areas shown in the

figure above. (Try it!) ’\;§\

A\

Differential volume: dv = pdpdpdz

-
o S : dp
z+dz 5
b4 % —dz
1 Y i | > o
LR pd¢
S OFaN\P L
: pdpa
#
(¢)
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Transformations between Cylindrical and Cartesian Coordinates

From cylindrical to cart: z

A §

N
X = pcoslp) z=12z \\:,\3’
| AR
y = psin(p) g S
A NG
z=z Qv
‘N\ Y=y y
) N - >
From cart. To cyl.: &) N
B
p=+x*+y? %%g)é
y X §Q\'
— t -1 7 RN
o-tan'(]) >
%Q\\'”
Z=2 c_)Q}
N
%\‘
RN
%9%
9
&

Q\.

Chapter One
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Consider a vector in rectangular coordinates;
E=f,a,+£,a +£,a,

Wishing to write Ein cylindrical coordinates:

E-F a4 +Fa +F,a
pap+ ¢a¢+ ,a, C\f})@
From the dot product: %Q\\‘”
)
Ep:E‘ép E(/,:E.éq, Ez:E\Qg’z
AN
E, -(E,a,+Ea +Ea,)ea \\?\:§‘
N
A a A a A N
“E B Bty B B s B
? ? 2
/'\’/b,\\
N
E =(E,a,+Ea, +£4,)e&
,=\E;a,+Ea, +F.a )&
. RO
“Ecfofe B AR B s B
? S ?
N
. SR
EZ:(EXaX +Q y+Ezaz)an
A . .
“Ecfir et Ry B Ederds
N P ?
&
Q\.
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3
N
&
S
""" N
Clearly /\'}@ '
A A Ja) Pl \QQ"
a,ea =[,lacoslp)=coslp) éV
&
a,ea = la, 605(90" - go)z sin(p \Q\
o

a,.a =@a,a, cos(90° + )= Q@%((o)

&
a,+4a,=aa,lcoslp) Q§’5¢)

So: /\r’b

E %‘Q cos(p)+ E, sin(p)

? ~E, sin(p)+ E,, cos(p)

4

Or in matrix form

2] elz]

Chapter One
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And, the inverse relation is:

E,| | sin(p) coslp)|E,
Note that the story is not finished here, after transforming the
components; you should also transform the coordinate variables. ;b@

N
‘1-'|'_I ':‘I.I;ﬁ [
Ay COs g — 510 1]
- smn ¢ COs ¢ )]
a.- {0 1] 1
AN

|11 Example 1.3

Transform the vector B = ya, — xa, + za; into cylindncal coordinates.

Solution. The new components are
By =B-a, =yl(a;y-a,) — x(a, -a,)
VCOSgh — XSINgd = pSINGCos ¢ — pcosgsing = ()
By = Brag = play-ay) — x(a, - ay)
— VSN @ — X Cos ¢ —,e:lr:inz d—peos g =—p
Thus,
B = —pa; + za;
%\.

Chapter One
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THE SPHERICAL COORDINATE SYSTEM

f,H,? are < P(x =1,y =2,z=3)or
coordlnate p(r =14,0=35.69%,¢p = 63.4")
variables. z=3_ S
is ¢ X
» ', \QQ
measured J ': N
. L y=2 Sk
from x-axis P v >V W
toward y-axis, x=1/_ p o N
and ¢ is A \
measured V\QQ
X \
from the z- ,g?'
axis toward Q\%
the xy plane. ’\’p\h\
\QQ
Q}V

A genral point is loacated by i@oordinate variables r, 0, ¢, or as the
intersection of three mutu.%ll@\pierpendicular surfaces.
N

o
N

Chapter One
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0 =0,
surface
(cone)

r=n
surface
(sphere)

N
1) Sphe{@ f radius r = r;, centered at the origin.
2) Semt-infinite plane of constant angle ¢ = ¢, with it's axis aligned
agﬁit z-axis.
j&* ight angular , and it
axis aligned with z-axis, and a cone angle 0=4¢,.

The three unit vectors a,, a,, and a, are in the direction of

increasing variables and are perpendicular L to the surface at which
the coordinate variable is constant.

Chapter One

N
(0.0)




Dr. Naser Abu-Zaid; Lecture notes on Electromagnetic Theory(1); Ref:Engineering
Electromagnetics; William Hayt& John Buck, 7th & 8th editions; 2012

/ \ N
/ N # = a constant
// \ \\ (cone)
J \
/ \
/ \

I{ \
| P 1l >}
I £ N >

/ S |
I R
Vi N7 ,— ¢ = a constant

P i — ; (plane)
¥ rd 7 = a constant
" y (sphere)
(m L A
D
W
N
M}
N
D\
§\§\> """""" >y
S
&
Qv
‘/
X

Chapter One
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Note that in spherical coordinates, unit vectors are functions of
coordinate variables. a,, a, and a, are functjg’és of ¢ and 9.

w
()

Chapter One
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The sphyrical coordinate system is Right Hande@ﬁ
N\

A A A @)QJ
a xXad, =a
r 0 o
Increasing each coordinate varlable\@@a differential amount dr, do,
and de, one obtains: V\Q
9
: )
\\\ \‘Q\.‘\

@)

(e)

rsin 0 deo

Chapter Or
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Note that r is length, but 8 and ¢ are angles which requires a metric
coefficient to convert them to lengths.

arc length = r dé

metric
coefficient
arc length ind d ’\7§
= 3 @ N
me_tr_lc Q}\
coefficient @')
\.
Differential volume: dv=r?singdrdode %§\Q
AR
Differential Surfaces: Six surfaces with dlfferenn@reas shown in the
figure. (Try itttttttttttt!) @%
\
§\
Transformations between Sphen%q:t\and Cylindrical Coordinates
\
From spherical to cart: z
g %“o .
x=rsin(0)cos(p) @ rozl

y =rsin(0)sin(p) \¢
§§ .

z =rcos(6) %’b

From cart. /{@s%herlcal

r=qx? +22;(r=0)

Q7 z
QQ':\‘%S 1\/ﬁ 0 <9 < 180°

Chapter One
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Consider a vector in rectangular coordinates;
E=Ea,+Ea, +Ez3,
Wishing to write Ein spherical coordinates:
E=E a +E,a,+Ea,
From the dot product: @
E —Eea E, =Ee4, E _Eea

Chapter One
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$@
&
* G
T I
From figure AN
&
éZ ° é‘r = ‘ézHér‘cos(e) = COS(Q) év
&
a1 ] _ O
a,ed, =4, r\cos(90 6’)=sm(9) ‘ \Q
A
a, o4, =[a,|[a,|cos(90° + )= _SQ@)\"
&

And the rest is left to you asQ@%exercise!
So: /\'p
E, = E, sin(6)cos @\}E sin(@)sin(p) + E, cos(6)

Note that, fier transforming the components; you should also
transform ﬂq;écoordlnate variables.

N
iy da g
Ay s1n B cos ¢ cosd cos g —sing
A, gin #sin ¢ cosf an ¢ Cos g
A cosd —sm# 0
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|11 Example 1.4

We illustrate this transformation procedure by transforming the wector field
G = (xz/y)a, into spherical components and varables.

Solution. We find the three spherical components by dotting G with the appropnate
unit vectors, and we change variables during the procedure:

NN

. . Xz Xz .
(b, =G+a, = —a,-a, = —sIndcos g
V v

cost ¢

SIM

. . Xz Xz

(g =095 = —a, -39 = —cosfcos g
V V

rsinfdcosd

.2
5 COS° g
s20
FCOs —
G = G -2, %ax-aqﬁ ?[—xind}]

—rcosfcosg
Collecting these results, we have

G = rcosfcosg (sinfcot g a, + cosfcot pag — ag)
%\\
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